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Fig. 3 Adaptive-control-lawgains, ·1(0) = ·2(0) = 1, ¿1 = ¿2 = 1 (——,
·1 , and – – – , ·2).

and � ight-pathangleÃ of 10 deg. The initial lander velocity is set at
5 m/s to represent residualerrors from the previousdescentphase. It
is assumed that the lander uses clustereddescent thrusters and that a
set of these thrustersfails with the throttleopen, inducinga constant-
bias accelerationof 0.5g. In addition, at the midpoint of the descent
maneuver, the remaining thrusters are degraded with the available
thrust reduced to one-thirdof the initial available thrust. This failure
mode is modeled by multiplying the commanded thrust by

f .t/ D 2
3 1 ¡ .1=¼/ tan¡1.2t ¡ t f / (10)

so that the actuated thrust weight ratio becomes Qn.º; h/ f .t/.
The descentpro� le of the lander is shown in Figs. 2a and 2b along

with the commandedand actuated thrust weight ratio. It can be seen
that the initial velocity error is removed by throttling down the de-
scent thrusters to allow the lander to accelerate and, � nally, to track
the required descent pro� le, even in the presence of the 0.5-g bias
acceleration. Then, at the midpoint of the maneuver, the available
thrust is reduced, as described above. It can be seen from Fig. 3 that
the control-lawgains adapt to this failure and that after a short tran-
sient the lander continues to accurately track the required descent
pro� le. This failure is compensatedfor by increaseddemands on the
remainingdescent thrusters, as seen in Fig. 2b. On landing, the actu-
ated thrust weight ratio is only 0.5 because of the jammed thrusters
providing a constant 0.5g bias acceleration. Therefore, the lander
has a total thrust/weight ratio of unity, as required for a soft landing.
It is also found that Ã ! 0, so that a vertical landing is ensured.

VI. Conclusions
A direct adaptivecontrol law for gravity-turndescent is presented

that is robust and able to compensate for multiple thruster failures.
The control-lawgains adapt to these failures in directresponseto the
changingbehaviorof the system dynamics.Because on-line param-
eter estimation is not required, the control law is computationally
ef� cient for onboard implementation.Such robust and ef� cient con-
trol laws appear attractive for low-cost planetary or lunar landers,
where high controller performance is required, but without signi� -
cant computational effort.
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Introduction

T HERE is currently growing interest in the development of
remotely piloted inspection vehicles capable of performing

� y-arounds of the Space Shuttle or of a space station on-orbit. For
example,NASA � ight tested the AERcam, the autonomousextrave-
hicular activity robotic camera Sprint vehicle1;2 that is the prototype
of a family of spacecraft for Shuttle and InternationalSpace Station
inspection tasks, during the recent STS-87 mission. This Note de-
scribes methods for selecting the two main parameters that describe
the propulsion system of such vehicles: the total 1v capacity of
the tankage and the thrust level of the jets. 1v requirements are
clearly related to the desired mission range and � ight duration, as
well as attitude control requirements. Choice of thrust level must
be made on the basis of a tradeoff between safety and performance,
bearing in mind the types of missions to be performed by such a
vehicle. As regards safety, too high a thrust may pose unacceptable
risks of a high-speed collision in the event that a malfunction on
the inspectionvehicle causes it to � re toward the mother spacecraft.
For instance, if a thruster becomes stuck on, the resulting long-term
net linear acceleration may, in some cases,3 approach the one-jet
thrust/mass ratio of the vehicle. On the other hand, too low a thrust
level will not permit the vehicle to overcome orbital effects and
hover at an appreciable distance above, below, or to the side of the
larger spacecraft; such positioning is likely to prove very desirable
in future inspection missions.

The safety issuesgiven in the precedingpointsdictate that inspec-
tion vehicleswill necessarilybe low-thrustspacecraft:accelerations
as low 50 ¹g have been considered.4 Consequently,extended burns
will be required to accelerate up to even moderate relative speeds.
The usual assumption of an impulsive 1v is, thus, not valid for
this class of spacecraft. Furthermore, these vehicles are initially to
be � own by a human operator, essentially by means of visual cues
alone. Therefore, low-thrust optimal control techniques that require
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continuous attitude maneuvering (see, for instance, Ref. 5) cannot
realistically be applied to this problem. Instead, maneuvers will be
assumed here to be carried out by performing an acceleration burn
at a � xed attitude, then coasting, and then performinga deceleration
burn at some other � xed attitude. Questions that are of practical
interest include how the vehicle acceleration level affects the maxi-
mum transfer distance that is achievable in a given time, and how it
affects the total 1v, i.e., propellant, that is required for the transfer.

This analysis is based on the Clohessy–Wiltshire equations that
describe the relative motion of two spacecraft in close orbits.6 The
usual closed-form coasting solutions to these equations are � rst
modi� ed to include a constant acceleration input. These solutions
then permit computationof the thrusting time and directionrequired
to achieve a desired � nal velocity vector, in the presence of orbital
effects, for differentvehicleaccelerations.These times in turn allow
acceleration/coast/deceleration (ACD) trajectories to be derived, as
functions of thrust level, which transfer the vehicle from rest at
one position to rest at some other speci� ed location after a given
total transfer time. Rest-to-rest maneuvers are considered because,
if the spacecraft has a nonzero velocity when it arrives at the target,
it typically overshoots this point considerably while attempting to
then execute a prolonged low-accelerationbraking burn. A second
attractive feature of rest-to-rest transfers is that quite complicated
mission pro� les can be built up as a combination of rest-to-rest
transfers between a sequence of waypoints. Each leg of this type
of mission can be analyzed independently of all others, as each
begins and ends with the same (zero) velocity.One conclusionfrom
this analysis that is of practical signi� cance is that appreciable total
1v, e.g., 20%, can be saved by avoiding unduly low values for
vehicle acceleration. This results from orbital effects being able
to overwhelm the acceleration produced by very small thrusters,
thus leading to inef� cient maneuvers. Increasing thrust somewhat
allows shorter burns to be used to achieve the same relativevelocity,
therefore coming closer to the ideal case of an impulsive 1v.

Problem Formulation
The motionof anobject relativeto anotherin a nearbycircular ref-

erenceorbitof angularrate! is describedby theClohessy–Wiltshire
(CW) equations.6 In the local vertical/local horizontal (LVLH) co-
ordinate system that is normally used to describeon-orbitproximity
operations, these become

Rx ¡ 2! Pz D ax ; Ry C !2 y D ay; Rz ¡ 3!2z C 2! Px D az

(1)

where the x axis is directed along the velocity vector (or VBAR) of
the reference body, the z axis along the downward local vertical (or
RBAR), and the y axis along the orbit normal.Note that the equation
in y is decoupledfrom thosein x and z; it representssimpleharmonic
motion out of the orbital plane. These equations have closed-form
solutions7 for the unforced case ax D ay D az D 0, which can be
used to determine the coasting motion that results from a known
initial velocity. They can also be differentiated to give closed-form
velocity expressions. Finally, they can also be used to compute the
magnitude and direction of the initial velocity that is required to
transfer from a given position to a desired one in a speci� ed time.
This property makes them extremely useful for vehicles with suf� -
ciently high thrust that velocity changes can be made impulsively,
i.e., essentially instantaneously. (For an application to the devel-
opment of rendezvous trajectories for rescue of an astronaut who
becomes separated from a space station, see Ref. 8.) These CW tar-
geting equations decouple into a (2 £ 2) in-plane (IP) system and a
scalar out-of-plane(OOP) equation. However, these equations can-
not be used for low-thrust vehicles as considered here. The low-
thrust case is the subject of the next section.

Main Results
The equations of motion for a low-thrust IP rest-to-rest ACD

maneuver are given by the � rst and third components of Eq. (1),
with applied acceleration:

.ax ; az/ D
.a cos µ; ¡a sin µ/; 0 · t · t1
.0; 0/; t1 < t · t2
.a cos Á; ¡a sin Á/; t2 < t · ¿

(2)

This corresponds to holding the direction of thrust � xed in the ro-
tating LVLH frame throughout the acceleration phase and again
during the braking phase. An alternative approach that was also in-
vestigated was to thrust along directions that were � xed inertially.
However, this variant was observed to give results that were inferior
to those obtained by means of LVLH-� xed thrusting. Furthermore,
it does not allow visual cues, e.g., the line of sight to the horizon of
the Earth, to be used for thrust steering.

The boundary conditions for the maneuver are [x.0/; z.0/]D
.x0; z0/ and [x.¿/; z.¿ /] D .x¿ ; z¿ / on position and [ Px.0/; Pz.0/]D
[ Px.¿ /; Pz.¿/] D .0; 0/ on velocity,with total transfer time ¿ . The � rst
question is to ascertain whether a transfer is even feasible for the
speci� ed values for a and ¿ . If it is, then the maneuver can be de-
� ned completelyby determining the required transition times t1 and
t2 and thrust anglesµ and Á. The � rst step in calculatingthis solution
is to derive the closed-form solutions to the IP CW equations in the
presence of thrusting. If we consider a maneuver leg that starts at
position.x0; z0/ and velocity. Px0; Pz0/ duringwhich the LVLH accel-
eration components are held constant at .ax ; az/, then the resulting
position at time t can be shown to be given as

x.t/ D ¡2.Pz0 C 2ax =!/ cos !t C [4. Px0 ¡ az=2!/

¡ 6!z0] sin !t ¡ 3
2
ax !t 2 C [6!z0 ¡ 3. Px0 ¡ az=2!/

C az=2!]!t C [!x0 C 2.Pz0 C 2ax =!/] ! (3)

and

z.t/ D f[2. Px0 ¡ az=2!/ ¡ 3!z0] cos !t C [Pz0 C 2ax=!] sin !t

¡ 2ax t C [4!z0 ¡ 2. Px0 ¡ az=2!/]g=! (4)

(These expressions reduce to the standard CW solutions if ax D
az D 0.)

Just as the closed-form CW solutions in the thrust-free case lead
to the impulsive CW targeting, so, too, do Eqs. (3) and (4) give rise
to a techniquefor maneuveringbetween two givenpoints in a speci-
� ed time by means of a constant thrust. If the desired transfer is from
position .x0; z0/ and velocity . Px0; Pz0/ to position .x¿ ; z¿ / (velocity
unspeci� ed) in time ¿ , then it can be shown that the required ac-
celerationcomponents are given as the solution of the simultaneous
equations

³
¸ ¹

¡¹ º

´ ³
ax

az

´
D

³
Ox
Oz

´
(5)

where the three matrix elements

¸ D
4[1 ¡ cos !¿ ] ¡ 3

2 !2¿ 2

!2

(6)

¹ D 2.!¿ ¡ sin !¿/

!2
; º D .1 ¡ cos!¿/

!2

and the two vector entries

Ox D x¿ ¡ x0 ¡ .2Pz0=!/[1 ¡ cos !¿ ] ¡ 6z0[!¿ ¡ sin !¿ ]

¡ .4 Px0=!/ sin !¿ C 3 Px0¿
(7)

Oz D z¿ ¡ 4z0 C .2 Px0=!/[1 ¡ cos !¿ ]

C 3z0 cos!¿ ¡ .Pz0=!/ sin !¿
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depend entirely on known quantities. Similar expressions can also
be developed for the acceleration components required in order to
take the spacecraft from given initial conditions to a speci� ed ve-
locity . Px¿ ; Pz¿ / (position unspeci� ed) in time ¿ . In both of these
versions, the requiredaccelerationmagnitudea D

p
.a2

x C a2
z / typi-

cally decreases monotonically as transfer time increases.A numer-
ical interpolationprocedurecan then be used to determine the value
for ¿ that corresponds to any given acceleration level a. This then
forms the basis for the following iterative procedure for generating
IP rest-to-rest ACD trajectories:

1) Use standard CW targeting to � nd the impulsive 1v1 required
to initiate a transfer of total time ¿ , and the braking 1v2 (the nega-
tive of the � nal velocity) required to come to rest impulsively at the
target.

Fig. 1 Maximum achievable distance along RBAR.

Fig. 2 Total RBAR maneuver D v vs impulsive.

2) Use the velocity equivalents of Eqs. (5–7) to determine the
time t1 and thrust direction µ that would be required to apply 1v1

by means of continuous thrusting at the speci� ed acceleration level
a. This in turn de� nes, by Eqs. (3) and (4), the position at the end
of this acceleration leg.

3) Perform a similar procedure,but in negative time, to determine
the time t2 and thrust direction Á required for a continuous-thrust
deceleration leg that brings the vehicle to rest at the target from an
initial velocity of ¡1v2. The position at the start of this leg can then
also be found by applying Eqs. (3) and (4) in negative time.

4) Return to step 1 to compute a new impulsive transfer, but now
using the end of the acceleration burn as the initial point, the start
of the deceleration burn as the � nal point, and ¿ ¡ t1 ¡ t2 as the
transfer time. This re� ects that the 1v are not instantaneous.
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5) Repeat until suf� ciently converged.
One complicationof IP orbital motion is that the results obtained

depend not only on the distance traveled, but also on the direction.
In particular, results for translations along the VBAR (the easiest
direction to translate along) are signi� cantly different from those
for RBAR transfers. However, both the IP and OOP results can be
used to quantify the maximum range that is achievable in a given
time for a speci� ed acceleration level, by considering transferswith
zero-lengthcoast phases.Similarly, they can be used to examine the
effect of increasingacceleration level on the total maneuver 1v for
transfers between two speci� ed points in a given time. Results will
be presented here for IP transfers from the origin to a point along
the positive RBAR; the corresponding results for VBAR and OOP
transfers are given in Ref. 9.

The maximum distance achievable for transfers along the RBAR
is given in Fig. 1. It can be shown to be considerably less than
the corresponding distances for transfers along the other two axes;
this re� ects the dif� culty of maneuvering along the RBAR. This
dif� culty is also demonstrated by the relatively small maximum
hover distance, or RBAR hover limit [the maximum radial distance
at which the spacecraftis able to stationkeepby thrustingconstantly;
from Eq. (1), this distance is zh D a=3!2] of just under 2000 ft for
an acceleration of 250 ¹g. Figure 2 then shows how the maximum
maneuver 1v depends on vehicle acceleration; the dashed line in
this case shows the value obtained by the standard CW targeting
equations for an impulsive vehicle. It can be seen that increasing
vehicle acceleration from 250 to 2500 ¹g leads to a reduction in
total maneuver 1v of around 20%; this reduction in the maneuver
propellant requirement is quite signi� cant.

Conclusions
This Note has studied low-thrustproximityoperationsof the type

arising with the new class of orbital inspection vehicles. Closed-
form expressionswere � rst derived for the trajectoryof a spacecraft
that is acteduponbya continuousthrust.Thesewere thenused as the
basis for a numerical procedure for generating a rest-to-rest ACD
trajectory that takes a vehicle with a speci� ed acceleration level
between two desired points in a speci� ed time. This analysis leads
to the following main conclusion: increasing vehicle acceleration
by an order of magnitude above the theoretical minimum leads to
signi� cantly reduced propellant consumption.
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I. Introduction

S EVERAL methods for generating command pro� les for � exi-
ble spacecraft have recently been proposed.1¡7 Many of these

techniques have been directed toward systems equipped with on–

off reaction jets. Using the commands generated by these methods,
a � exible spacecraft can be moved with small levels of residual
vibration. Furthermore, the commands can be robust to modeling
errors,2;4;8 limit transient de� ection,5 and limit fuel consumption.6

Although these techniques are powerful, they have the drawback
that a separate numerical optimizationmust be performed to gener-
ate the command for everyuniquemotion.This drawbackintroduces
a time delay at the start of every motion, or requires the command
pro� les to be precomputed and stored for retrieval.

Consider rest-to-rest slewing of a two-mass and spring system
where the control force acts on the � rst mass m1 . To account for the
case of on–off actuators, the force is restricted to values of umax , 0,
and ¡umax . If all system parameters (m1, m2 , k, umax) are set equal
to 1, then the system has a natural frequency of

p
2 rad/s and a

force-to-mass ratio of 0.5.
Designing a bang-bang command pro� le (the simplest on–off

command) to move the benchmark system, a desired distance is
straightforward. If we assume that the bang-bang command begins
at time zero, then the only unknown is the switch time t2 because the
durationof the negativepulse must equal the durationof the positive
pulse to bring the system to rest. The value of t2 can be obtained
from the rigid-body dynamics as

t2 D xd=® (1)

where xd is the desired move distance and ® D umax=.m1 C m2) is
the force-to-mass ratio. The bang-bangcommand moves the center
of mass to the desired position, but signi� cant residual oscillations
will usuallyexistwhen the systemhas � exibility.However, thebang-
bang command has the advantageof being completelydescribedby
the simple expression given in Eq. (1).

By taking into account the system � exibility, time-optimal and
near time-optimal command pro� les can be generated to eliminate
the residual vibration.1¡6;8 The time-optimal open-loop command
pro� les for linear systems are multiswitch bang-bang commands
that must be obtained using a numerical optimization.The rise time
is slower than with the bang-bang command, but the residual os-
cillation is eliminated. The development of time-optimal � exible-
body commands will not be explained here, but we emphasize that
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